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A class of 4-dimensional supersymmetric dyonic black hole solutions that 
arise in an effective 1 1-dimensional supergravity compactified on a 7-torus 
is presented. We give the explicit form of dyonic solutions with diagonal 
if} ■ internal metric, associated with the Kaluza-Klein sector as well as the three- 

form field, and relate them to a class of solutions with a general internal 

O ■ 

ly-j . metric by imposing a subset of SO (7) C Ej transformations. We also give the 

field transformations which relate the above configurations to 4-dimensional 
| ground state configurations of Ramond-Ramond and Neveu-Schwarz-Neveu- 

Schwarz sector of type-IIA strings on a 6-torus. 

D . I. INTRODUCTION 

In theories that attempt to unify gravity with other forces of nature, in particular, ef- 
^ ■ fective theories from superstrings, the non-trivial configurations, i.e., topological defects as 
well as black holes (BH's), provide an important testing ground to address the role of grav- 
ity in such theories. Configurations which saturate the Bogomol'nyi bound on their energy 
(ADM mass) correspond to the ground state configurations within its class. Supersymmetric 
embedding of such configurations ensures that they are invariant under (constrained) super- 
symmetry transformations, i.e., they satisfy the corresponding Killing spinor equations. For 
the above reasons, one refers to such configurations as supersymmetric, and in the case of 
spherically symmetric configurations, as Bogomol'nyi-Prasad- Sommerfeld (BPS) saturated 
states. 

BPS saturated states within effective (super)gravity theories are of special interest, since 
they shed light on the nature of non-trivial ground states in such theories. In view of 
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recently conjectured duality ]T|-Q between strongly coupled 10-d type-IIA superstring theory 
and 11-d supergravity (SG) theory compactified on a circle as well as related dualities in 
other dimensions MM [], e.g., the strong- weak coupling limits of type-IIA string theory 
compactified on K 3 surface, and the 11-d SG and heterotic string theory compactified on a 
torus, it is important to have a systematic and explicit construction of all the super symmetric 
configurations of the corresponding effective SG theories in different dimensions. Such a 
systematic study would, in turn, provide a ground work for testing explicitly the conjectured 
duality symmetries between the corresponding effective (weakly coupled) SG theories and 
the corresponding strongly coupled string theories in different dimensions, at least at the 
level of the light (ground state) spectrum of states. The proposed construction of all the BPS 
saturated states is a monumental task, however, some of its aspects have been addressed for 
certain types of supersymmetric configurations in certain dimensions |4],[^,|]|§. 

In this paper, we would like to single out a specific aspect of the proposed study. Namely, 
we would like to set up an explicit construction of 4-d BPS saturated BH solutions of 11-d 
SG compactified on a 7-torus 0. These configurations would, in turn, allow for the testing 
of the conjectured duality between these states and the light spectrum of the corresponding 
strongly coupled string theory(ies) in 4-d. 

BPS saturated states, corresponding to four- dimensional (4-d), spherically symmetric, 
static BH solutions, have masses which are related to the electric and magnetic charges 
of the BH. With the electric and magnetic charges quantized, masses of such BH's are 
related to the multiples of the elementary electric and magnetic charges. A subset of 4-d 
supersymmetric BH's within different sectors of effective 4-d SG theories has been already 
addressed []. However, results were primarily obtained in special cases with either non-zero 
electric or non-zero magnetic charges. In addition, only a subset of scalar fields was turned 
on Q. 

Recently, progress has been made in finding the explicit form of all the 4-d supersym- 
metric as well as all the non-extreme BH's in Abelian (4 + n)-d Kaluza-Klein (KK) theory. 
Those are BH's with the U(l) gauge fields and scalar fields which originate from a (4 + n)-d 
metric turned on. Supersymmetric BH's consist of n electric charges Q = (Q\, ...,Q n ) and 
n magnetic charges V = (Pi, P n ) which are subject to the constraint V ■ Q = p3| . The 



generating solutions are supersymmetric U(1)m x U(1)e BH's [E4], i.e., dyonic BH's with 



1 For a related recent works see Refs. [0— 12 1 and references therein. 



2 Compactification on a 7-torus, i.e., the internal isometry group is Abelian, provides the simplest 
possible compactification, and thus the first one to be addressed. 



3 See Refs. fl3-22| and references therein. 



4 Recently, a general class of electrically charged, rotating BH solutions in the heterotic string 
theory compactified on a 6-torus has been constructed pC|] , and a procedure to construct the 
corresponding solutions with a general electric and magnetic charge configurations has been spelled 
out. Supersymmetric limit of the latter configurations, however, has not been addressed, yet. 
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one electric and one magnetic charges arising from different U(l) factors, which correspond 
to supersymmetric BH's with a diagonal internal metric Ansatz. All the supersymmetric 
BH's are obtained by performing the SO(n) / SO(n — 2) rotations, which do not affect the 4-d 
space-time metric and the volume of the internal space, on the generating solution, i.e., the 
supersymmetric U(1)m x U(1)e solution. The explicit form for all the 4-d, Abelian, static, 
spherically KK BH's is obtained p5f by performing two 5*0(1, 1) boosts on the non-extreme 
U{1)m x U(1)e KK BH and supplementing it by SO(n)/SO(n — 2) transformations. 

The aim of this paper is a few fold. First, we provide an explicit construction of 4-d 
supersymmetric BH configurations which arise from two different sectors of 11-d SG theory 
compactified on a 7-torus. The first one is the configurations whose charges arise from U(l) 
gauge fields associated with the 11-d metric (KK BH's). Abelian BH's in the (4 + n)-d KK 
theory with n = 7 constitute this subset of BH solutions. The second class of configurations 
are those whose charges arise from the compactification of the three-form field A^ NP of 11-d 
SG. The explicit general construction of the latter configurations, with the scalar fields of 
the internal metric and the volume of the internal space turned on, constitutes a major part 
of this paper. In addition, we address the symmetry structure of such configurations and the 
procedure to obtain an explicit form of all such ground state configurations. The two classes 
of such solutions provide the initial building blocks to construct all the supersymmetric BH's 
of 11-d SG on a 7-torus. 

Another aim is to address the connection between the strongly coupled states of type-IIA 
string theory and those of weakly coupled 11-d SG. In particular, we find the explicit field 
transformations between 4-d solutions of 11-d SG and Ramond-Ramond (R-R) as well as 
Neveu-Schwarz- Neveu-Schwarz (NS-NS) sector of type-IIA superstring theory compactified 
on a 6-torus. 

The paper is organized as follows. In chapter II, we summarize the properties of 11-d SG 
theory and its compactification down to 4-d. In chapter III, we study two classes of Abelian 
charged BH solutions, each of which are associated with KK gauge fields and 3-form U(l) 
gauge fields, respectively. In chapter III, we discuss the connection between the 11-d SG and 
type-IIA, as well as heterotic superstring theory, and comment on the strong-weak coupling 
behavior among such theories. In chapter IV, conclusions are given. 



II. ELEVEN-DIMENSIONAL SUPERGRAVITY AND ITS COMPACTIFICATION 

DOWN TO FOUR-DIMENSIONS 



In this section, we summarize the particle content and the effective Lagrangian density 
of 11-d supergravity (SG) compactified down to 4-d on a 7-torus. The field content of the 
N—l, d=ll SG is the Elfbein E^ A , gravitino \ and the 3-form field ^matp- The 



bosonic Lagrangian density is given by [p6 | 



r— T?( n ) \T? ( u ) J- '" p( U ) ci(ll) MNPQ § Mi-Afnp p A 1 /i\ 

*- ~~ _ 7 "T^ MNPQ ~ 12* r Mi-M^ M 5 -M & A-M 9 M w M lx h { L ) 

where = det A , TZ^ 11 ^ is the Ricci scalar defined in terms of the Elfbein, and 



Fmnpq = 4$[m^7vpq] is the field strength associated with the 3-form field A^ NP . The 
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supersymmetry transformation of the gravitino field 'ipffi in the bosonic background is given 
by 

= D M s+ ^(T NPQ M - 8T p ^)F NPQR s, (2) 

where Dm £ = (9m + \^mab^ AB ) £ is the gravitational covariant derivative on the spinor e, 

and Qabc = -&ab,c+&bc,a~&ca,b {&ab,c = E^ M E^ N d N E^c) is tne s P in connection 

defined in terms of the Elfbein. Our convention for the metric signature is (H •••—). 

For the space-time vector index convention, the characters (A,B, ...) and (M,N, ...) denote 
flat and curved indices, respectively. 

The dimensional reduction of 11-d theory down to 4-d is achieved by taking the KK 
Ansatz for the Elfbein and a consistent truncation of the other 11-d fields [p7|] . With the 
internal space being a 7-torus T 7 ,i.e., the internal isometry group is Abelian, all the fields 
are independent of the internal coordinates in the zero mode approximation. One can use the 
off-diagonal part of local Lorentz 5*0(1, 10) invariance to put the Elfbein into the following 
triangular form: 

< M =C e "o e2 ^f), (3) 



where <p = lndetef, and B l (i = 1,...,7) are KK Abelian gauge fields. Here, we use 
the greek letters (a, /3, ■ ■ •) [(//, u, ■ ■ ■)] for the 4-d space-time flat [curved] indices and the 
latin letters (a, b, ■ ■ •) • ■ ■)] for the internal flat [curved] space indices. The 3-form 

field Amnp is truncated into the following three types of 4-d fields: 35 pseudo-scalar fields 
Aijk, 21 pseudo-vector fields and 7 two-form fields A^ ui . The two-form fields A^ ui 
are equivalent to (axionic) scalar fields tp % after making duality transformation. In order to 
ensure that the fields A^^ and A^ vi are scalars under the internal coordinate transformation 
x % — > x' % = x % + £ l , and transform as U(l) gauge fields under the gauge transformation 

SA^mnp — 9mCnp + 9n(pm + 9p(mn, one has to define new canonical 4-d fields in the 
following way: 

A'nij = A^ij — B^Akij, A^ vi = Afj, vi — B^Ajvi — B^A^ji + B^B k v Aj ki . (4) 
Then, the bosonic action (P reduces to the following effective 4-d action: 

C = ~\e[K - \d^d^ + -0,,!,; ,<)>■<!'■! - \e* 9ij G^G^ + ^gVF^F 4 ^ + ■■•], (5) 

where e = dete" the Ricci scalar 1Z is defined in terms of the Einstein-frame 4-d metric 
g»v = Vapeffi, G^ v = d^Bl - d v B^ F* uij = F^ vij + G* u A ijk , and the dots (• ■ ■) denotes the 
terms involving the pseudo-scalars A^ k and the two-form fields A^ ui . Here, gy = ^e^e^ = 
— e"e" is the internal metric and the curved space indices ...) are raised by g l i (]. The 4-d 
effective action @ is manifestly invariant under the SL(7, 3?) target space transformation: 
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The dilaton field ip and the internal metric gij in Eq. (|5|) are related to the dilaton field p and 



the unimodular part of the internal metric pij, used in Ref. [Q] as tp — ► ^-p , gij — ► —e^Vf^p^. 
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m - U ik9kl U jh G\ u -> {lT 1 ) ik G k lw , F^ vij -> (tr 1 )**^ 1 )^*!, (6) 

and the dilaton 99 and the 4-d metric remain intact, where {/ G SL(7, 3ft). 

The SL(7, 3ft) target space symmetry can be enlarged to the global SL(8, 3?) symmetry by 
realizing that 7 scalars y?\ which are equivalent to i^pj through the duality transformation, 
F^l ~ (V — 9) le 2Lp 9ij e ^ upcr d a ip^ are unified with the Siebenbein e„ to form a matrix 
parameterizing SX(8, 3ft) ||27|| . In this case, 7 KK gauge fields B^ and 21 "magnetic" duals 
B 1 ^ of Apij form canonical gauge fields of 28 U(l) groups. With a further inclusion of 35 
pseudo-scalar fields A^, the SL(8, 3ft) group is enlarged to the exceptional group E 7 , in which 
case 28 U(l) gauge fields and their 28 dual fields form the 56 fundamental representation 
ofE 7 . 

The elements of the above enlarged symmetry groups can be used to provide transfor- 
mations on existing 4-d solutions, thus generating a family of solutions with the same 4-d 
space-time and dilaton field cp, however, with transformed dyonic charges and other 
scalar fields. 

In this paper, we find a class of 4-d, super symmetric, Abelian solutions where all the 
scalar fields, except the dilaton and the diagonal components of the internal metric, are set 
to zero. We primarily concentrate on a subset of 5*0(7) C SL(7, 3ft) transformation on these 
basis solutions in order to construct the most general family of solutions with scalar fields 
other than the internal metric and the dilaton (p turned off. The ultimate goal, however, 
is to find the generating solutions which, supplemented by a subset of E 7 transformations, 
would generate all the super symmetric BH solutions with all the scalar fields turned on f\. We 
conjecture that all the super symmetric BH's of 11-d SG are generated by imposing a subset of 
E 7 transformations [] (of the effective 4-d action) on only one type of the generating solution. 
Such a generating solution would reduce to two separate classes, which are discussed in the 
next chapter, by taking special limits of charge configurations. On the other hand, in order 
to generate all the non-extreme BH's, one would have to employ a larger symmetry of 
the corresponding 3-d effective action for stationary solutions. We speculate that such an 
enlarged symmetry might be E%. 



6 Within the context of Abelian KK BH's, such a program has been completed. SO(n) / SO{n — 2) 



transformations on the U{1)m x U(1)e supersymmetric solutions [24] generate the most general 
supersymmetric static BH's |23| in KK theory. On the other hand, in order to generate the most 
general non-extreme solutions |2f|, one has to employ a subset of a larger symmetry, i.e., a subset 
of SO(2,n) C SL{n + 2,3ft) transformations, which correspond to the symmetry transformations 
of effective 3-d action of stationary solutions. 

7 In the quantum version with charges quantized in multiples of the elementary electric and mag- 
netic charges, £7 would be broken down to the corresponding discrete subgroup. 
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III. FOUR-DIMENSIONAL, SUPERS YMMETRIC, STATIC, SPHERICALLY 
SYMMETRIC SOLUTIONS OF ELEVEN-DIMENSIONAL SUPERGRAVITY 



In this section, we study supersymmetric, static, spherically symmetric configurations 
arising from two sectors of effective 4-d theory fl5|): 

• The first sector corresponds to configurations with non-zero electric and magnetic 
charges arising only from gauge fields of Abelian internal isometry group, i.e., KK 
gauge fields B l ^ 0. We will refer to this class of solutions as supersymmetric "KK 
BH's". 

• The second sector corresponds to configurations with non-zero electric and magnetic 
charges only from the Abelian gauge fields A^ associated with the 3-form field A^^p. 
We will refer to this class of solutions as supersymmetric "3-form BH's" . 

Within each class of solutions, we shall obtain the most general solution, with non-zero 
internal metric gij and dilaton field ip, while the other scalar fields are turned off. 
The spherically symmetric Ansatz for the 4-d space-time metric f\ is chosen to be 

g^dx^dx" = \{r)dt 2 - A _1 (r)dr 2 - R{r){d6 2 + sin 2 #d0 2 ), (7) 

and the scalar fields depend on the radial coordinate r only. For a particular U(l) gauge 
field Afj_, the non-zero components, compatible with the spherical symmetry, are given in 
the polar coordinate by 

A = P(l-cos#), A t = V(r), (8) 

where E(r) = —d r ip(r) ~ % (r — > oo), and P and Q are the physical magnetic and electric 
charges. Here, the expression for an electric field, i.e., the (t, r) component of the U(l) 
field strength, in terms of the scalar fields and the 4-d metric components are obtained from 
the Gauss's law derived from the Lagrangian density (f|). The expressions for two types of 
electric field strengths are given in the following form: 

irt\ n , rn 9 3 Q j 



V r (e^G^) = Gl 



Re* 



\k-i 



V r (eVV 7 ^) = =► Fw = **jjjQ- (with B; = 0), (9) 
where the physical electric charges are given by Q l = e" Lpx g l ( ^ 1 Qj and Qij = 

6 ^ 9ikoo9jlooQ 



^The moving frame is then defined in terms of the Vierbein of the following form: 



Aa, e^ = i?2, e^ = i?2 S in0, el = X 



which yields the metric g^ u = r/ Q/ ge^e^ defined above. Here, a, (3 = i, 9, (f>, r are flat indices and the 
flat space-time gamma matrices are ordered in the same manner, i.e., 7* = 7 , ...,7 r = 7 3 . 
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A. Kaluza-Klein Black Hole Solutions 



The first class of solutions corresponds to supersymmetric KK BH's, i.e., U(l) gauge 
fields are associated with the isometry group of the internal space. In this case, the gauge 
fields arising from the 3-form field are turned off, along with all the scalar fields, except the 
internal metric fields gij and the dilaton if. Then, the Lagrangian density @ reduces to the 
4-d effective Lagrangian density of 11-d KK theory compactified on a 7-torus. The corre- 
sponding action has a manifest invariance under 5*0(7) C SL(7, 3?) rotations (see Eq.(|6|)) 
with the internal metric coefficients transforming as a symmetric 27 representation of 
S0(7), and the 17(1) gauge fields P* as 7 of S0(7). 

Since 4-d, Abelian, supersymmetric BH's of (4 + n)-d KK theory have been explicitly 
constructed in Refs. p4],|2B|, here, we summarize the results for the special case of n = 7. 



With a diagonal internal metric Ansatz, supersymmetric spherically symmetric configu- 
rations choose the vacuum where the isometry group of the internal space is broken down 
to U{1)m x U{1)e, i-e., they correspond to a dyonic configuration with magnetic and elec- 
tric charges coming from different U(l) gauge groups. The most general supersymmetric 
spherically symmetric configurations with a non-diagonal internal metric are obtained by 
imposing the S0{7)/ S0(5) rotations on the U{1)m X U(1)e solutions. The charge vectors 
V = (Pi, ...,P7) and Q = (Qi, ...,Qi) of this general class of supersymmetric solutions are 
constrained by V ■ Q = 0, thereby having 2n — 1 = 13 degrees of freedom. 

Explicit supersymmetric U(1)m x U(1)e solutions of 11-d SG with the j-th gauge field 
magnetic and the k-th gauge field electric, and with a diagonal internal metric Ansatz 
g^ = diagfon, • • • , 5-77), are given by 



A 



r IPjool IQfcool 
(r - |P ioo |)5(r - |Qfcoo|)*' 



R = _ [Pjool + IQfcool ^ _ l P Jool ^Q _ IQfcool ^1 



9i 



ga 00 

9jj 
9jj 00 

9kk 



f I Qfc 00 1 
1 (i?3,k) 



r — 


p 




Q/c 00 1 


(r — 


Qfcool) 



( 


r — 


P j 00 1 ) 


r — 


p 







gkk 00 

C(r) = <C ( ' T^' ) • (10) 



r — 


p 




Qfc 00 1 


r — 


p 

j 00 





1 



where P JOO = e^^g^^Pj and Q^oo = ea^ 00 g^ koo Qk are the "screened" magnetic and electric 
charges (here, Pj and Qfc are the physical magnetic and electric charges of the j-th and k-th 
gauge fields). The subscript 00 refers to the asymptotic (r — > 00) value of the corresponding 
scalar field. The ADM mass of the configuration is given by M = |Pjoo| + IQfcool- 
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For Pj ^ and Q k 7^ 0, 4-d space-time has a null singularity, finite temperature (T# = 
(47r) _1 1 PjooQfcoo | — 1//2 ) an d zero entropy. If either of Pj or Q k is set equal to zero, the 
singularity becomes naked and the temperature diverges. 

B. Three-Form Black Hole Solutions 

The second class of solutions is static, spherically symmetric configurations associated 
with the 21 Abelian pseudo- vector fields A^j, arising from the 3-form fields A^ P . In 
this case, we set the KK gauge fields B % equal to zero, as well as all the other scalar fields 
except those associated with the internal metric g^- and the dilaton if. The corresponding 
4-d bosonic effective Lagrangian density is then of the following from: 

C = -\ e ^ ~ l d ^V + idtfuPgU + ~e*g ik gi% vij F^ kl }, (11) 

where F^ij = d fJ- A U ij — d v A^ij. The bosonic action ( O ) has again a manifest invariance 
under the 5*0(7) C 5L(7, 5i) rotations (see Eq. @) with the internal metric coefficients gij 
transforming as a symmetric representation 27 of 50(7), and the Z7 (1) gauge fields A^ij as 
an antisymmetric representation 21 of 50(7). 

1. Killing Spinor Equations 

The supersymmetric solutions of the above action are invariant under the gravitino trans- 
formations (H), which for the above bosonic field content reduce to the following form: 

= d p e + ^u^j^e - -e^ipe^tp^e + -(e^9 M e fc - e%e lb )j bc e 

5^ = -\e%(d p e kb + ete l b d p e lc )Y 5 l b e + ^i^^V V - ^F^«r*Ve, (12) 

where o; M( g 7 is the spin- connect ion defined in terms of the Vierbein and [a ■ ■ ■ b] denotes the 
antisymmetrization of the corresponding indices. For the 11-d gamma matrices, which satisfy 
the 50(10, 1) Clifford algebra {T A , T B } = 2r/ AB , we have chosen the following representation: 

r a = 7 a ®/, r a = 7 5 ® 7 a , (13) 

where {7°, 7^} = 2^ a/3 , {7 a ,7 6 } = — 25 ab , I is the 8x8 identity matrix and 7 5 = i7°7 1 7 2 7 3 . 
The above representation ( |T3"D is compatible with the triangular gauge form (|3|) (50(10, 1) — > 
50(3, 1) x 50(7)) of the Elfbein. The gamma matrices with more than one index denote 
antisymmetric products of the corresponding matrices, e.g., 7°^ = ^ a 'j l3 \ and the gamma 
matrices with curved indices are defined by multiplying with the Vierbein, e.g., 7 M = e^7 a . 
Correspondingly, the spinor index A of an 11-d spinor e A is decomposed into A = (a, m), 
i.e., e A = e^ a ' m \ where a = 1, ...,4 is the spinor index for a four component 4-d spinor and 
m = 1, 8 is the index for the spinor representation of the group 50(7). 
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With a choice of spherical Ansatze given by (|7|) through (|9]), the Killing spinor equations, 
which are obtained by setting the gravitino supersymmetry transformation (0) equal to zero, 
are of the following form: 

W 3 e - \\d r ^e + ^§^\h™l ah e - i ^^-\\^e = 0, (14) 
4 4 iz Re 2 o Re? 

i . p' 1 , e a p b O i i , P. . , 

^ - \ Xl jL^ £ + T^W^ - ^^^7° 3 V^ - {-f^Rh 2 l ah e = 0, 
4 R l i A 4 12 i?e2 v Re 2 

(15) 

5 e _ I C os£ 7 21 £ - -X^^sme^s + \VXR S m6d r W 3 e - -^^i^smfl 7 03 y fe £ 
9 2 4 i? 1 ^ '4 r 12 ife* 

+ l-^d^Rlsme^e = 0, (16) 
6 i?e « 

+ ~(e^ c - e[d r e lb )^e - ^^^A^V^ + I^^A^/y^ = 0, (17) 
o 12 Re 2 b Re2 

~ \{e\ d r e kb + e k b d r e kd )Xh 35 l b e + ^^SVVV + ^7 125 7°V 
4 12 Re2 12 i?e 2 

_ !e^y_ 035 &£ _ «%fj,y^ = (lg) 



where the last equation (jlS|) is obtained from e^Sipk = and the prime denotes the differ- 
entiation with respect to r. 

2. Constraints on Charges 

Before attempting to solve the Killing spinor equations, we would like to derive the 
constraints on charges and for a general supersymmetric configuration. 

First, one has to determine, by now, a standard form of the angular coordinate (6, </>) 
dependence of the spinors e m for static, spherically symmetric configurations. One multiplies 
([L5D by 7 1 sin# and fll6|) by 7 2 , subtracts the two resultant equations, and multiplies the result 
by 7 2 , thus yielding the following equation: 

[2fy + 7 V oostf - 2( 7 ysin#)d e ]£ m = 0, (19) 
which fixes the angular coordinate dependence of the spinors to be 

(4;™ 4:7) = e^/v^^r), a 2 <r ( r )), (20) 
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where e™ e are the upper (or lower) two components of the four component spinor e m , i.e., 
(e m ) T = (£™, £°), and a™ e (r) are the corresponding two component spinors that depend on 
the radial coordinate r only. 

Then, the Killing spinor equations fll4T), fll5|) and (|TJ), supplemented by (|2~CiD , assume 
the following form: 

-^[AVXR - 2Xd r R -Rd r X + 3XRd r <p)e u/ = ±V abl ab e l)U , (21) 
V A 

-=[2y/XR - A<9 r i? - 2Rd r X + 3XRd r (p]e Uji = iQ ab j ab e e , u , (22) 
v A 

-A*&7 6 ^ ± ^(P a6 =F «Qafe)7 a V«/ T ^( p rfb T iQdb)l b £ u ,e = 0, (23) 

where P ab = e^e\e\Pi h Q a6 = e~a efe^Q 13 , and ^ = RX*{e k a d r e kb + e\d r e ka ). Here, the 
upper [lower] signs of the equations are associated with the first [second] subscripts of the 
two component spinors. 

We are now able to derive constraints on charges and Q l K These constraints are 
obtained by ensuring that the gravitino Killing spinor equations (^1|) and (22), which do not 



explicitly depend on the radial derivatives of the Siebenbein, are satisfied. After a suitable 
manipulation of (|2T| ) and (p2|), and using the corresponding anti-commutation relations of 
7 afe matrices, i.e., {7 ab ,7 cd } = 2 r ) abcd — 2(r] ad r] bc — r] ac rj bd ), one arrives at the following set of 
the first order differential equations 

1 



^[AVXR - 2Xd r R - Rd r X + 3XRd r <p] = 2r lP ] y^{V ab 

V A a<b 
1 



.211/2 



-7=[2VAfl - Xd r R - 2Rd r X + 3XR8M = 2 VQ ["£(Q ab ) 2 } 1/2 (vp,q = ±1), (24) 
v A a<b 

and the following constraints on the charge configuration: 

E v ab v cd r bcd = o = E QabQ cd r bcd , E p nQ ij = = E p^q^" , (25) 

as well as the constraint between the upper and lower two-component spinors: 

e u = Vp [4 E (P a ibi) 2 ]- 1/2 PabY b et (Vp = ±1)- (26) 

a'<b' 

We can find a constraint on charges by analyzing the constraints (|25|) on the asymptotic 
values P a feoo and Q aboo of P ab and Q ab . Manifest 5L(7, 9ft) symmetry, i.e., the rescaling 
symmetry and the 5*0(7) rotations, allows one to bring the asymptotic value of the internal 
metric to the form g^oc = — 5ij, without loss of generality. Thus, the asymptotic value of the 
Siebenbein can be chosen to be e l ao0 = 5 l a , up to global 5*0(7) rotations and the rescaling of 
the radii of the internal coordinates. In the case of e % aoo = 8 l a , the only charge configurations, 
which satisfy the constraints (|25|), are of the following two types: 



^The manipulation is similar to the one of Ref. [23]. 
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• The only non-zero charges are P^ ^ and O/- 7 ^ 0, subject to the constraint 
J2j PijQ^ = 0, where % corresponds to a fixed choice of the index. 

• The only allowed nonzero charges are (Py, Pik, Pjk) ^ and (0/ J , Q lk , Q^ k ) ^ 0, subject 
to the constraint Pf/0/ J + PikQ lk + PjkQ^ = 0, where i ^ j ^ k correspond to a fixed 
choice of three indices. 

The first charge configuration can be transformed, by a subset of 50(6) C 50(7) ro- 
tations, into a form in which the only nonzero charges are Py ^ and Q lk ^ 0, where 
i / j / i; correspond to a fixed choice of the three indices. The second charge configuration 
can also be transformed, by a subset of 50(3) C 50(7) rotations, in the same form with 
only nonzero charges given by Pij ^ and Q lk ^ 0. 

A generating solution is, therefore, the one with one electric charge, say Q % \ and one mag- 
netic charge, say P^. Thus, the most general supersymmetric configuration can be obtained 
by imposing a subset of global 50(7) transformations, i.e., 50(7)/50(3) transformations 
with 3n — 6 = 15 parameters, on a generating solution with one electric charge, say Q l \ and 
one magnetic charge, say Pik (2 parameters). Consequently, the most general supersym- 
metric charge configuration is of constrained one; among non-zero n{n — l)/2 = 21 electric 
charges and n(n — l)/2 = 21 magnetic charges, only (3n — 6) + 2 = 17 are independent. 



3. Supersymmetric Three-Form Black Hole Solutions with Diagonal Internal Metric 



Our next goal is to obtain the explicit form of the generating solution with only one 
magnetic charge P^ and one electric charge Q lk non-zero. This type of solution will be 
obtained with a diagonal internal metric Ansatz, i.e., the Siebenbein is chosen to be of the 
form: 



e k = diag(ei, ...,e 7 ) 



(27) 



In this case, the first order differential equations (^T|) — (|23"D reduce to the following 
simplified form: 



-=[AVXR - 2\d r R - Rd r \ + 3XRd r <p] = 2rj P P ri , 
VA 



(28) 



-j=[2V\R - Xd r R - 2Rd r \ + 3\Rd r <p] = 2rj Q Q th 



A m , u =f -iv^, - gQar*eM = o 



\Ah^u ± iPy^ + \QisF h Su,i = 0, 



(29) 
(30) 
(31) 
(32) 
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(33) 



where .A^ = 2.RA2<9 r lneft and the hats on the curved indices denote the corresponding flat 
indices. 

We shall now solve the equations fl2"Sp — (|33p to get the explicit dyonic supersymmetric 
solutions with one magnetic and one electric Qik charges Q. First, from (|30| ) — (0), we 
obtain the following relations among Siebenbein components: 



h = (e/) , e^ej = 1, (34) 

where e- = ej/ej^. Substituting the difference between ([3(]) and (|31~1) into (|^), we obtain 

e?e7 2 = e^-^A" 1 . (35) 
Making use of fl34]), we arrive at the relation 



1 (£^i,j,k). 



(36) 



Then, the following relation between the 4-d metric components A(r) and R(r) can be 
obtained by substituting (|28|) and (|^) into (|33D , making use of (p6|) : 



2y\R = Xd r R + Rd r X, 



which can be solved to yield 



\R 



r - r H 



(37) 



(38) 



where the integration constant r# corresponds to the event horizon, i.e., A(r#) = 0. This 
is, again, another standard result for 4-d, supersymmetric, spherically symmetric, static 
solutions. 

Furthermore, with the help of (^) we can simplify (|28| ) and (f29| ) to the following forms: 



d A 

V\R(^ + 3d r if) = 2t]pP { 



(39) 



d r X 



+ 3<9 r </?) = 2^qQ^. 



(40) 



Note the symmetry of the above two equations under the electric-magnetic duality trans- 
formation, i.e., P« <-> — Qj^ and y2 — > — (/?. By adding these two equations, we obtain the 
following equation 



10 The derivation for supersymmetric as well as non-extreme solutions are along the similar lines 



as those for U{1)m x U(1)e supersymmetric [24] and non-extreme [28,2_£ ,25] KK BH's 



12 



drf = ^^iVpPlj + VqQikl ( 41 ) 

which is in accordance with a no-hair theorem, i.e., when electromagnetic fields are zero 
(Py = = Qik) the dilaton field (p is constant. 

The expression relating the 4-d metric component A and the dilaton (p can be obtained 
by multiplying ( |3~9D by t/qQ^ and fl40|) by ?7pPjj, followed by addition of the resulting two 
equations. The resultant equation can be solved to yield 

A = Vpe^Pjjoo + r] Q e- 3v Q ikoo ^ 

oo 

_1 _1 __L _1 

where P ijoo = e^^g^g^Pij and Q ifcoo = e^^g^g^Qik are the "screened" electric 
and magnetic charges. Finally, the following ordinary differential equation for ip is obtained 
by substituting (fH) into flU) and making use of Eqs. (gD - (H): 



Note, again, the symmetry of ( [i~3|) under the electric-magnetic duality transformation. The 
explicit solution for the dilaton </j is, then, given by 



e 3 V = / r-r H -2r] Q Q ikoc \ 5 = / r-2\P ljOQl . 
\r - + 2T]pP ijoo J Vr-2|Q ifcoo |y 

where we have identified r H = 2r] P P i j OC — 2r]QQ ikoo , and chosen the signs of r] P Q so that 

T]pPijoo |Pjj'oo| and ^QQifcoo |Qifcoo|- 

Now, we are ready to write down the explicit supersymmetric BH solutions. Making use 
of the solution (031) for the dilaton <p and the relations (EM) — (BB) and (H2I) among various 



fields, as well as Eq. (|18|) we obtain the following result for the scalar fields as well as for 
the Killing spinor 11 : 



A 



2|Pjjoo| 21(^^00] 



2|P ij oo|)^(r-2|Q ifcoo |) 



1 • 

2 



^2/-, ^ I P ik 00 I 2 1 Qjfcoo I \ /1 2| Pjj 00 1 \ i / 1 2 1 Qjfcoo I 



it = r (1 )(1 — )2 (1 



,3(<p-<Pao) _ [ r 2 \ P ijoo\ 



ry ry ry 

1 

1 



2|Q 



ik 00 



fte/ 9ii 



~~ \r-2lP, 



3 



IJ 00 I 



11 Note, the 3-form BH solution has charges which are different from those of KK BH's by a factor 
of 2 because of a different normalization for the corresponding gauge fields. 
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9jj/ 9jj co — A 



r-2|P ijoo |)5(r-2|Q ifcoo |)§ 

T 2 1 ~P ij oo | 2 1 Q i}. oq I 



(r-2|P <i0O |)T(r- 210^001)1 



yT Z| Vo^jfc oo I / 

a m ( ) = m (r-2|P ijoo | -2|Q lfcoo |)4 
(r - 2|P ii0 o|) 6 ( r - 2|Qi 



lik 00 I 
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— - —- —- — - 

where, again, P ii0 o = e^^g^g^Pij and Q ifc0 o = e^^g^g^Qik. The 4-d space-time 
of these solutions is the same as the one of supersymmetric U(1)m x U(1)e KK BH's (see 
Eq. ([TOD ) , provided one makes the replacement 2Pijoo — > Pjoo and 2Q ikoo — > Q^oo- Thus, 
the corresponding global space-time and thermal properties are the same. 

These supersymmetric solutions saturate the corresponding Bogomol'nyi bound on the 
ADM mass. The derivation of the bound is along the lines spelled out in Refs. |I7],E3 • 



4- Non-extreme 3-Form Black Hole Solutions with Diagonal Internal Metric 

We also point out that the corresponding non-extreme solutions can be obtained by solv- 
ing explicitly the corresponding second order differential equations with a diagonal internal 
metric Ansatz. Here, we quote the result: 



A 



r — r i 



(r - r+ + 2P ijoo )5(r - r + + 2Q ife 



2 



^> _ r 2fi _ r + ~ 2 ^ )(l - r + ~ 2Pjjoo ^ 1 _ r + - 2Q ifc oo N i 



2 



e 3( V -^) = f r ~ r + + 2 Qifcoo 

\ r — r + + 2Pjj 00 



1 

2 



gu/g it 00 
9 a I gjjco 

gkk/ gkk 



r - r+ + 2P 



I] 00 



Vr - r + + 2Q iA .oo/ 

1 "2 

(r - r + + 2P iioo )3(r - r + + 2Q ikoo )z 
(r — r + ) 
(r — r 1 ) 



(r - r + + 2P iioo ) 3 ( r - r + + 2Qifcoo) 



1 > 
3 



9u/guoo=(- — r+ + 2 Q tkoo \ (£^ij,k), (46) 
\r -r + + 2T> ijoo J 

where (Pijoo) 2 = Pij n ! I 1 ;./ x — /3), (Qifcoo) 2 = Qifcoo(Qifcoo — (3), r + = (3 + 



(|P ij oo|v / /5 2 + 4P 2 JO o - IQ i feoo| V / ^ 2 + 4Q 2 fc oo)/(|Pyoo| - iQttool), and (3 > is the non- 
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extremality parameter. The ADM mass M of the configuration, the Hawking temperature 
Th, and the entropy S are given by: 

M = 2(3 + V /4P|~ + ^ + v/4Qf fcoo + /F, (47) 
T H = 1/(4*0 + (4P^ + + (4Q 2 fcoo + /J 2 )*]*), (48) 

S = 27rf3{[3 + (4P 2 JOO + 0*)t]i\j3 + (4Q 2 fcoo + 0>)k)\. (49) 

The global space-time is that of Schwarzschild BH's, with a horizon at r = r + and a space- 
like singularity at r = r + — 2(3. The 4-d space-time of the above solution is the same as the 
one of non-extreme U(1)m x U(1)e KK BH's ]p8|| , with the replacement 2Pj JOO — > Pjoo and 

ifc oo > Qfc oo • 



5. Symmetry Tranformations between Kaluza-Klein and Three-Form Black Hole Solutions 

Solutions for supersymmetric (see Eq. fl4"5|)) and non-extreme (see Eq. (J|§)) 3-form 
BH's with a diagonal internal metric bear similarities with the corresponding solutions for 
supersymmetric (see Eq. (|T0D) and non-extreme [28] KK BH's. In particular, the 4-d metric 



g^v and thus the global space-time as well as thermal properties of both types of BH's 
are the same. This is an indication that the two types of the solutions are related by a 
discrete subset of E 7 transformation. A discrete symmetry, which transforms the effective 
action of U(1)m x U(1)e KK BH's into the corresponding one for the 3-form BH's, relates 
the charges Pij,Q tk and the normalized (diagonal) metric coefficients g' u = g' u / 'g' iioo of the 
3-form effective action to charges Pj,Q k and the normalized (diagonal) metric coefficients 
g u = gu/ guoc of the KK effective action in the following way: 



^ — El n ik — Q 
ij ~ 2 ' V ~ 2 ' 



^ — • &&k = ($kk$ Ji )- 1 '% = II .'/m Uln^y (50) 

9kk 9jj e^(ijk) 



The above discrete transformation in turn corresponds to a subset of continuous trans- 
formations, which preserve the "length" of a combined KK and 3-form "charge vector" , and 
which involve the psueudoscalar field as well 0- 



12 A subset of such transformations relates the fields within NS-NS sector of type-IIA string com- 
pactified on a 6-torus (see the subsequent chapter), which is the same as a subsector of heterotic 
string (associated with 6 U(l) KK gauge fields and 6 U(l) gauge fields originating from the 10-d 
two- form field). In this subsector, the fields are related by the continuous SO (6, 6) transformations 
[20] which also involve 6 pseudo-scalar fields. 
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IV. TYPE-IIA SUPERSTRING THEORY AND ELEVEN-DIMENSIONAL 

SUPERGRAVITY 



In this chapter, we relate the 4-d supersymmetric BH solutions of 11-d SG, which were 
discussed in the previous chapter, to the corresponding BH's of type-IIA superstring theory 
compactified on a 6 torus. In particular, we would like to relate the scalar field degrees 
of 11-d SG, parameterizing the internal space-time, to the string coupling of the type-IIA 
superstring compactified on a 6-torus, and thus, by virtue of duality between the two theories, 
obtain information on mass spectrum of strongly coupled type-IIA string compactified on a 
6-torus. 

The zero slope limit of the type-IIA 10-d superstring theory can be obtained by dimen- 
sional reduction of 11-d SG on a circle S 1 [00 1. This can be accomplished by choosing the 



following triangular gauge form for the Elfbein E^ A : 



I _* (10) a Z<S>r> \ 



where $ corresponds to the 10-d dilaton field in NS-NS sector of the superstring theory, a 
is the Zehnbein in NS-NS sector, and Bp corresponds to a one-form in RR sector. Here, the 

breve denotes the 10-d space-time vector index. And the 3-form A^^ P is decomposed into 
A^mnp = (Af^p, Afrzu = Ajtf), where Appp is identified as a 3-form in RR sector and Ap$ 
is the antisymmetric tensor in NS-NS sector. Then, 11-d bosonic action becomes the 
following 10-d, N = 2 SG action: 

C = C NS + Cr, (52) 

with 

C NS = ~e^e~ 2 *[n + Ad^d^ - \f^% 
r D = e ( 10 ) l—G^Qfiv J fL^F'^i® _ e #i-#ioir „ ^ „ a„ „ i (ra\ 

'"R ^ Y^V-v^ ' frvpv (12) 3 Mi— M4- 1 M5— Ms^AWMlob \°°) 

where e^ 10 ^ ee dete- 10 ' 10 , 1Z is the Ricci scalar defined in terms of the Zehnbein, Fj&p = 
3d [fl A,p h Gfin = 2d [fl B^ Ffap = - 4F m B» h and £«"'«° ee £ w-Mioii. The 

ferminoic sector in 10-d contains Majorana gravitino ipp and fermion ipn that come from the 
11-d gravitino ip^, i.e., ip^ = (ipp,ipn). These spinors can be split into two Majorana- 
Weyl spinors of left- and right-helicities. 

In order to obtain the effective 4-d action of the type-IIA superstring compactified on a 
6-torus, one chooses the following KK Ansatz for the Zehnbein: 

f5), (54) 

where B™ (m = 1, ...,6) are Abelian KK gauge fields, is the string frame 4-d Vierbein 
and e a m is the Sechsbein. In the following, we shall set all the other scalars, except those 
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associated with the Sechsbein and the 10-d dilaton $, to zero 0. In this case, the 
string-frame 4-d bosonic action for the type-IIA superstring is of the following form: 

C n = - \e[e- 2 \K + Ad^d^ + \d,g mn d»g mn - \g mn G™G n ^ - g mn F^ m F^ n ) 

+ \e*G^ + ^g mn 9 pq F„ mp FZ q }, (55) 

where e = dete^, 20 = 2$ — lndete^ (parameterizing the string coupling), a = lndete^ 
(parameterizing the volume of 6-torus), g mn = rja^e^e^ = — e^e°, and = d^B™ — d u B™. 
Here, the field strengths F^m, G^ u and Ffj, umn are defined in terms of the Abelian gauge 
fields decomposed from 10-d two-form Ap$, one-form Bp, and the three-form Ap$p fields, 
respectively. The following Einstein-frame action can be obtained by the Weyl rescaling 

9fJ.V > 9pM = 6 ^9 [XV- 

C H = - \e E [TZ E - 2d^dy + ±d,g mn d»g mn - ^e~ 2( l>g mn G™G n ^ - e^g^F^F^ 
+ -/G, V G^ + ^rf^^L (56) 



metric g E 



where e E = J— det g® v and 1Z E is the Ricci scalar defined in terms of the Einstein-frame 



fJ,V 



Since we have turned off the scalar fields associated with the 10-d U(l) gauge field Bp, 
thus the internal metric coefficients g m j of 11-d SG, the SO (7) symmetry among 7 KK gauge 
fields and among 21 3-form gauge fields, separately, breaks down to the SO (6) symmetry, 
which do not mix the gauge fields of RR and NS-NS sectors. The RR sector consists of one 
KK gauge field B^, which transforms as a singlet of 50(6), and fifteen 3-form U(l) gauge 
fields A^mn, which transform as 15 antisymmetric representation of 5*0(6). The NS-NS 
sector consists of six KK gauge fields B™ and six 3-form U(l) gauge fields A^ n , each of 
them transforming as a 6 vector representation of 5*0(6). Q. 

Given two classes (|lOj) and (|45 ) of supersymmetric solutions in 11-d SG, one can find 



the corresponding solutions in the type-IIA superstring which are associated with different 
Abelian gauge fields in flSlf) . For this purpose, one has to relate the bosonic fields in 4- 
d type-IIA superstring action flSfip to the ones in 4-d action (19) of compactified 11-d SG. 



This is done by keeping track of field decomposition and redefinition, and by comparing the 
compactification Ansatze in two different schemes, i.e., one corresponding to 11-d — > 10-d 
— > 4-d and the other one corresponding to 11-d — > 4-d. The expressions of fields in the 4-d 



13 We turn off the scalar fields B m (m=4,...,9) associated with the 10-d £7(1) gauge field Bp. These 
fields are related to the internal metric coefficients g m j (m = 1, • • • , 6) of 11-d SG. 

14 In order to have the full manifestation of the SO (7) symmetry of 11-d SG in the BH solutions 
of type-IIA superstring, the scalar fields which are associated with the 10-d U(l) gauge field Bp 
has to be included. 
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type-IIA superstring action (|56|) in terms of those in the 4-d action (||) of 11-d SG are given 

by 

3 !, 9 / 

= ~-y? + ^mp 7 7, cr = -tp + lnp 77 , p mn = (p 77 )s p mn , 

fym Tym f> r>7 1 a 1 a ( K7\ 

D « H ' A 4 A" -"-p-m •^ 1 yum7) ■^■fimn ^/lmm / 

where m, n = 1,...,6 and p mn is the unimodular part of the internal metric g mn (<7 mn = 
— e <T ' 3 p rnn ). Recall, the internal metric g mn in 11-d SG is related to its unimodular part p mn 
and y? as: g mn = -e~ 2ip/7 p mn . 

By using the relation (|57D, we shall obtain the corresponding dyonic BH solutions of 
type-IIA superstring and the dependence of the corresponding ADM mass on the asymptotic 
values of the string coupling e^ 00 , the volume e " 00 and the corresponding unimodular parts 
Pmn oo of the internal metric of the 6-torus. We shall quote the ADM mass Me in the Einstein 
frame, which is related to the one in the string frame as M s = e~^ x M.E- 

We classify the solutions according to the type of 11-d fields, i.e., the Elfbein E^ A 
and the 3-form Amnp> fr° m which the 4-d U(l) gauge fields are originated. The first set of 
solutions is the one corresponding to the case of KK BH's. They fall into the following two 
sets: 

• Type-KNR solutions Magnetic charge P associated with B^, the KK gauge field 
in the RR sector, and electric charge Q m associated with B™, one of six KK gauge 
fields in the NS-NS sector: 

e (0-<M = [ r ~ ~ Qmoo j * e 2(CT-a 00 ) _ ( r ~ Pqo ~ Qmoo) 2 



Qmcxi) 1 



5 1 

Pmm/ Pmmoo = ( p J , Pkk/pkkoo = ( p J (k 7^ ITl), 

M E = (Pool + |Q moo | = e*°°' 2 \P\ + e-+°° + *°°/*j£ im0 o\Q m \. (58) 

The SO(6)/SO(5) rotations on this solution induces — ^- = 5 new magnetic charge 
degrees of freedom in the gauge fields B m . For the case electric charge Q and mag- 
netic charge P m are associated with B^ and B™, respectively, one can obtain the 
corresponding solutions by imposing the electric-magnetic duality transformations. 

Type-KNN solutions Magnetic charge P m associated with B™ and electric charge 
Q n associated with B™, i.e., both charges correspond to KK fields of NS-NS sector: 



i 



3 ) ( r Qnoo | 4 2(ct— CToo) r Pmoo /_ T Pmoo Qn 

I I ' T~\ ' Pmm I P 



Pi ? r~\ ' r """ / r'"oo / , l , _ ,5; 

moo/ r-t4 noo (r - P moo )e(r - Q noo )6 



- /- (r ~ Pmoo) 6 ( r - Qnoo) 6 _ / r - Q noo Y 6 

Pnn/Pnnoo = —5 ^JZ ' P«-l PUoc = p T m,n), 

^ "moo *°4noo V'™ ^moo / 



ITD I I IO I „-0oo+O-oo/6 -2 Ip I I „-</>oo+0"oo/6 ^2 I/O I (^C\\ 

E — I r moo I t |^noo| — fmmco |J m | T c ^Vnn 00 |Vn|> V tJy / 
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Upon imposing the SO(Q)/SO(4) rotations, one has the most general supersymmetric 
6-d KK BH's with constraint EPiQi = 0. 

Secondly, we have the following classes of dyonic solutions that correspond to U(l) gauge 
fields associated with the 11-d 3-form field A^^ P : 

• Type-HNR solutions Magnetic charge P m associated with A^ m) one of six 3-form 
fields in the NS-NS sector, and the electric charge Q mn associated with A^ mn , one of 
fifteen 3-form fields in the RR sector: 



e O-</>oc) _ i r 2Q mnoo \ 4 ^2(ct-5-oo) _ ( r 2P moo )(r 2Q mTtoo ) 

\f 2P moo 2Q mnoo J (t 2P moo 2Q mnoo )^ 

/_ i? 2P moo ) 3 (t 2Q mnoo )6 _ (V 2P moo 2Q mnoo )6 

i / Pmm oo J 77T ~ ~77 71 j Pnn/ Pnoo 



(r - 2P moo - 2Q mnoo )6 ' nn "°° (r - 2P moo )3(r - 2Q mnoo )6 



_ (r-2P moo )3( r -2Q mnoo ) e 

(V-2P -20 

V ^-^moo ^^imnoa) 
-W.E = 2|P moo | + 2|Q mnoo | = 2e °° °° /3mm,oo|-Pm,| 4" 6 00 Pmmoopnn 00 | Qmn \ ■ (' 

The SO(6)/SO(A) rotations induce ^ — ^ = 9 new charge degrees of freedom. For the 
case of the electric charge Qm coming from A um and magnetic charge P mn coming from 
A umn , the corresponding solutions can be obtained by imposing the electric-magnetic 
duality transformations. 

• Type-HRR solutions Magnetic charge P mn coming from A umn and electric charge 
Q mp coming from A^ mp) both of which are the charges of U(l) fields in R-R sector: 



1 2(ct-CToo) _ r 2P mnoo 



r 2 Q m p oo 

2 



-i- _ (r — 2P mri00 \ - i- - ( r ~ 2P mn0 o) 3 ( r ~~ 2Q mpoo ) 3 

Pmm j Pmm oo I QO I ) Pnn / Pnn oo - ) I ) 7777 



f 2P mnoo 2Q m p 00 _ fr 2P T 



— /— ' /At/too — ~vmpoo — / ' Y/fc/AUO I in I \ 

Ppp/Pp<* = - — 7T7 — 7T, Pu=[—-^ (£^m,n,p), 

(r - 2P mnoo )3(r - 2Q mpoo )3 V r_ 2t4 mcoo y 

= 2|P mrioo | + 2|Q mpoo | = 2e °° pmm oo pnn oo|-P m n| + 6 °° pmm, oo pp oo | Qmp | j 



The 50(6)/ SO (2) transformations on this solution introduces ^ — %r = 14 charge 
degrees of freedom in the gauge fields A ai j. 

• Type-HNN solutions Magnetic charge P m associated with A^ m and electric charge 
Q n associated with A un , i.e., both charges arise from 3-form fields in the NS-NS sector 
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i 



OO 



r _ 2P / ' r — 2P ' 

' Z, - L moo / ' moo 



_ _ (r - 2P moo ) e (r - 2Q noo ) e _ r - 2P moo - 2Q nc 

pmml Pmmoo OT -) of~» ' Pnn/ Pnnoo 




(r - 2P moo )s(r - 2Q noo ) 



1 ! 

(i 



Pit I Pit oo - 

M E = 2IP 

m oo | 2 1 Qn oo | pram oo | -Pm | "I - 6 Pnn oo |<9n|- (62) 

Upon imposing the 50(6)/50(4) rotations, one obtains the most general supersym- 
metric 4-d 2-form BH solutions with the constraint J2 Q%P% — 0. 

In the expressions for the Einstein frame ADM mass Me [string frame ADM mass M s = 
e-^Mg] the screened charges from the RR sector do not scale [scale as e~^°°] with respect 
to the asymptotic string coupling e^°°, while the screened charges from the NS-NS sector 
scale as e~^°° [scale as e~ 2 ^°°}, in agreement with a general analysis in Ref. JIJ. Note also the 
following scaling dependence of screened charges on the asymptotic volume of the 6-torus, 
parameterized by e a °° : charges, associated with the KK fields in the RR and NS-NS sector, 
scale as e a °°^ and e aca ^ 2 , respectively, while charges associated with the 3- form fields all 
scale as e~ a °°^ 6 . 

We would also like to comment on the symmetry between the solutions with gauge fields 
originating from the NS-NS sector, i.e., KK gauge fields B™ and the U(l) gauge fields A^ m 
originated from the 10-d 2-form A^. That is to say, NS-NS sector of the zero-slope limit 
of type-IIA string compactified on a 6-trous, which is the same as the zero-slope limit of 
the corresponding heterotic string with gauge fields in the left-moving sector turned off, has 
the 5*0(6,6) target space symmetry. This symmetry transformations transform the six KK 
gauge fields B™ and the six 2-form U(l) gauge fields A^ m , along with the internal metric 
g mn and the corresponding pseudo scalar fields A mn , while leaving the 4-d space-time metric 
and the 4-d dilaton <p intact. In fact, a discrete subset of 5*0(6) transformations exchanges 
KK gauge fields and the 2- from U(l) gauge fields in the NS-NS sector, and transforms the 



internal metric g mn into its inverse (g ) mn [31|, thus relating the Type-KNN and Type-HNN 



solutions. This discrete symmetry generalizes the duality between if-monopole solution and 
KK solution in 5-d superstring [plj • Ultimately, one would like to address the full U-duality 



symmetry E 7 , which relates all the above solutions. 



15 Note, that for a special case with either P m = or Q n = 0, the result reduces to a solution first 
found in Ref. [21], and it is related to //-monopoles of heterotic string [15,17j]. 
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V. CONCLUSIONS 



We discussed two separate classes of 4-dimensional (4-d), supersymmetric, dyonic, spher- 
ically symmetric, black holes (BH's) in 11-d supergravity (SG) compactified on a 7-torus. 
The first class of solutions is associated with 7 U(l) gauge fields B l {% — 1, • • • , 7) of the 
Elfbein, i.e., Kaluza Klein (KK) BH's, and the second class of solutions is associated with 
21 U(l) gauge fields A^ij (i = 1, ■ ■ ■ ,7, i < j) originated from the 3-form field A^^ P , i.e., 
3-form BH's. Within each class, we found the supersymmetric solutions in the case where 
among scalar fields only those associated with the internal metric of a 7-torus are turned 
on. 

The general supersymmetric KK BH's are obtained by imposing global SO (7) rotations 
on supersymmetric solutions with a diagonal internal metric, and with one magnetic Pj and 
one electic Qk charges coming from different KK gauge fields. The general supersymmetric 
3-form BH's are similarly obtained by imposing the SO (7) rotations on supersymmetric 
solutions with a diagonal internal metric, and with one magnetic Pij and one electic Qik 
charges associated with the corresponding two 3-form U{1) gauge fields. Both types of 
solutions, therefore, have constrained charge configurations. 

We have also related the above solutions to the corresponding solutions in the RR and 
NS-NS sectors of type-IIA superstring compactified on a 6-torus. We related the ADM 
masses of these solutions to the screened charges from the gauge fields in the RR and NS-NS 
sectors. These screened charges scale with the asymptotic string coupling in accordance 
with the analysis is Refs. ^[HJ- In addition, the scaling of the screened charges (of KK and 
3-form U{1) gauge fields in the RR and NS-NS sectors) with the asymptotic value of the 
volume of the 6-torus are also given. 

The two classes of solutions, i.e., the one arising from KK gauge fields and the one from 

3- form U(l) gauge fields have the same 4-d metric. Thus, we infer that there exists a larger 
T-duality (or U-duality) transformation (e E 7 ), which does not affect the 4-d space-time 
of configurations, that relates the two classes of configurations. In particular, we found a 
discrete transformation which relates the two classes of supersymmetric solutions with a 
diagonal internal metric. Such a larger duality symmetry contains, as a subset, the 5*0(6, 6) 
target space duality symmetry of the NS-NS sector of type-IIA superstrings compactified on 
a 6-torus, whose discrete subset transforms KK and 2-form U(l) gauge fields in the NS-NS 
sector into one another. Thus, this larger T-duality symmetry reduces to SO (6, 6) T-duality 
of type-IIA superstring with the RR sector turned off, or equivalently, to the SO(6,6) T- 
duality symmetry of the heterotic superstring with gauge fields of the left-moving sector 
turned off. 

The ultimate goal is to find the generating solution which, supplemented by a subset of 
E-? transformations, would generate all the supersymmetric BH solutions with all the scalar 
fields turned on. Subsets of E-j transformations on the generating solution with a particular 
choice of charge configurations would in turn yield various classes of solutions which are 
discussed in this paper. In that manner, one would arrive at a unified picture of all the 

4- d, supersymmetric, spherically symmetric BH's in (type-IIA and heterotic) string theory; 
different classes of BH's associated with different types of U{1) gauge fields are just the 
generating solutions viewed in different reference frame of T-duality. 
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